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Fluctuations in viscous fingering
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Our experiments on viscoySaffman-Tayloy fingering in Hele-Shaw channels reveal finger width fluctua-
tions that were not observed in previous experiments, which had lower aspect ratios and higher capillary
numbers Ca. These fluctuations intermittently narrow the finger from its expected width. The magnitude of
these fluctuations is described by a power law; €& which holds for all aspect ratios studied up to the onset
of tip instabilities. Further, for large aspect ratios, the mean finger width exhibits a maximum as Ca is
decreased instead of the predicted monotonic increase.

DOI: 10.1103/PhysRevE.65.030601 PACS nuni)erd7.20.Ma, 47.20.Hw, 47.54r, 68.05—n

When a less viscous fluid displaces a more viscous fluicdbservations pose a challenge to the assumptions underlying
in a Hele-Shaw channéa quasi-two-dimensional geometry theoretical analyses of viscous fingering.
in which the widthw is much greater than the channel thick-  Experimental MethodsWe conducted experiments in a
nessb), the interface between the fluids forms a pattern 0f254 cm long channel formed of 1.9 cm thick glass plates.
growing “fingers.” A single finger forms at low flow rates; The spacers between the glass plates were stainless steel
more complex branched patterns evolve at high flow ratesstrips with thicknessels=0.051 cm, 0.064 cm, 0.102 cm, or
This phenomenon is the prototypical example of moving in-0.127 cm; the channel widilv between the spacers was var-
terface problems, such as dendritic growth and flame propded between 19.9 cm and 25.1 cm. Both glass plates were
gation, and thus continues to receive attention for the insigh§upported at the sides so that they sagged similarly under
it provides into these important problerfis]. The problem  their own weight(though by less than 0.1% of the gap
was studied first by Saffman and Tay[@], who injected air  depth. For aspect ratios under 150, we used a smaller chan-
into oil in a Hele-Shaw cell and observed the formation of anel of length 102 cm and width 7.4 cm. Interferometric
single, steadily moving finger whose width decreased monomeasurements revealed that the root-mean-square variations
tonically to 1/2 of the channel width as the finger speed wasn gap thickness were typically 0.6% or less in the large
increased. In subsequent experimef& numerical4], and  channel and 0.8% in the small channel. Mechanical measure-
theoretical[5] work, the ratio of finger width to channel ments of the bending of the glass due to the imposed
width, A, was found to depend on a modified capillary num-pressure gradient revealed that such deflections were typi-
ber, 1B=12(w/b)?Ca, which combines the aspect ratio, cally 0.2% or less; the maximum deflectith2%) was mea-
w/b, and the capillary number, GauV/o, whereu is the  sured in the widest channel close to the oil reservoir at the
dynamic viscosity of the liquidy is the velocity of the tip of  highest flow rates. Experiments were conducted with air pen-
the finger, andr is the surface tension. For largeBlvalues, etrating a Dow Corning silicone oil whose surface tension
a transition to complex patterns of tip-splitting occursand dynamic viscosity were either=19.6 dyne/cm,u
[3,6,7]. =9.21 cP 0fr=20.6 dyne/cmu=50.8 cP at laboratory tem-

Our experiments reveal fluctuations in the width of theperature(22°C). The oils wet the glass completely. A uni-
evolving viscous fingers that have not been reported in preform flow rate was imposed by withdrawing oil with a sy-
vious experimentg2,3,6] or predicted theoretically. The ringe pump from a reservoir at one end of the channel; an air
fluctuations intermittently narrow the fingers from their ex- reservoir at atmospheric pressure was attached to the other
pected width and are largest at low Ca, falling off as a poweend.
law with increasing Ca. Further, at large aspect ratios, the The channel was illuminated from below and images were
fluctuations are accompanied by substantial departures frombtained using a camera and rotating mirror that captured 11
the monotonic dependence of the finger width oB fldund  overlapping frames to produce concatenated images of up to
previously [3-5]: For aspect ratiosv/b=250, which were 1200x10000 pixels at a resolution of 0.25 mm/pixel. The
not examined in previous work, we find that the mean fingelinterfaces were then digitally traced, yielding finger width
width no longer scales monotonically withBL/for smaller  values accurate to 0.1% in the larger channel and 0.3% in the
aspect ratios, our finger width measurements are in accorsmaller channel. For each flow rate, up to four time se-
with previous results. Because large aspect ratios shoulquences of 20-30 digital interfaces were recorded. Finger
more closely approach the ideal of two-dimensional flow, ouwidths determined in consecutive sequences agreed within

the measurement accuracy. Mean width values agreed within
0.5% for data sets repeated after channel disassembly, clean-
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#/‘Li FIG. 2. The rms fluctuation of finger width, as a function of
0 capillary number Ca, where the dashed lines describe the best fit to
1/B: 116 1757 408 2869 all of the data sets within the observed scaling regidy,
V(emss): 00818  1.24 0.0301 0.211 =(1.1x10"%Ca %% (The data for 39% and 394V have the
) 0.611 0.525 0.461 0.478 same aspect ratio but different widths; see caption of FigTBe
8 1.30x107° 3.96x107° 3.32x102  1.26x107° horizontal dash—dotted lines in the top two graphs correspond to the
At(s): 270 18 810 108 limits of measurement accuracy for that channel and geometry; this

limit is below the lower edge of the graphs for the other data sets.
Fluctuations withs, <1072 are not obvious visually. An upturn in

8, occurs at high Ca, signalling the onset of the secondary insta-
bilities in the tips of the fingers.

FIG. 1. Finger images recorded at regular time intervals for
different values of aspect ratiw/b and modified capillary number
1/B, with corresponding values of the tip velociy, the mean
finger width(\), the rms fluctuation of the finger widif, , and the
time At between successive curves.

1/B~4000, similar to values seen in previous experiments
This measurement window was chosen to be small compard@,6].
to the length scale of the fluctuatioiapproximately one- For all the aspect ratios studied, we find that the rms
third of a channel width the results were not sensitive to the fluctuation of the finger widths is described by=A(Ca)?
window’s exact location. From each time series of instantawith A=(1.1+0.3)x10 4 and 8=—0.64+0.04, as Fig. 2
neous widths, we determined the time averégeand the illustrates. We also observe that the instantaneous velocity of
root-mean-squaréms) fluctuation from the mea@d, . Each  the finger tip fluctuates from the average velocity; within the
data set was analyzed for flow rates up to the point of tipexperimental uncertainty these velocity fluctuations scale
splitting, beyond which the finger width was no longer with Ca in the same manner as the width fluctuations. Inter-
well defined[8]. estingly, a dependence of the form C& appears frequently

Results Typical interface image sequences are shown foin theories of viscous fingerindL,9].
w/b=158 and 490 in Fig. 1. For both aspect ratios the finger The fluctuations in finger width are accompanied by a
width N\ fluctuates visibly at low flow velocitiefFigs. (@)  substantial deviation from the expected relation between fin-
and 1c)]. In the smaller aspect ratio system the width ap-ger width and velocity. Our results for the width of the vis-
pears to become steady as the finger velocity is increasegbus fingers for highv/b are not described by a single curve
[Fig. 1(b)], appearing exactly like the classic “half-width as a function of B as predicted5], and the differences
finger” of Saffman and Taylor. However, with sufficient between data for different aspect ratios are far greater than
resolution, fluctuations can still be measured for all velocitieghose reported previously for low/b [3]. Figure 3a) illus-
up to the onset of tip instabilities. In the higher aspect ratidtrates this, showing the dependence of the mean finger width
system the width fluctuates visibly for all flow ratgBig. (\) on 1B for values ofw/b between 58.4 and 490.

1(d)]. The onset of tip instabilities in both cases occurs at In particular, the mean finger width exhibits a surprising
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FIG. 3. (8 Mean finger width(\) vs 1B for various aspect
ratiosw/b. Higher aspect ratios give smalléx) values. The large
w/b data exhibit a peak widtf\ ) ,eocas a function of 1B; the inset
shows dependence ¢k )peoc 0N aspect ratiov/b. (b) Mean finger
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plates as the finger advances. To do so, we use a correction to
the modified capillary number introduced by Tabeling and
Libchaber, 1B* = (1/B)/[ 7/4+ 1.7\ (w/b)(Ca)}’®] [9]. Us-

ing this correction, they obtained agreement between their
experimental measurements ofand the theoretical predic-
tions of McLean and Saffmanf5] for 1/B* <100 (1B
<250); we obtain similar agreement far/b=58.4, as the
inset of Fig. 3b) illustrates. Figure @) shows the depen-
dence of the mean finger widifA) on 1B* for all aspect
ratios. At high 1B*, the film wetting correction also col-
lapses the data to a common curve forvalb>58.4, though

a slight displacement downward of the largéb data re-
mains.

While our (\) results do not exhibit the classical scaling
with 1/B*, the maximum value of the fluctuating finger
width observed during finger evolutiony .., does, as
shown in Fig. 8c). (A mayx IS the largest width value observed
over time in a region behind the tip; observing only near the
tip excludes widening due to relaxation effefts,,,, does
not exhibit a peak with decreasingBl/and while\ . has
more statistical noise thaf\), the A, data collapse onto
similar, monotonically decreasing curves that agree with the
McLean-Saffman prediction at low Bf . The \ ,,» data fall
below the McLean-Saffman curve at highBt/, but not as
much as the data fof\). These\ . data suggest that the
fluctuations represent an intermittent narrowing of the fingers
from their “ideal” width.

The finger width fluctuations and the peak(ix) vs 1B
have proven robust under variations of experimental condi-
tions. Both high and low viscosity oils gave the same results
for the same geometric configuration. By treating the stain-
less steel spacers with an anti-wetting agent, we changed the
contact angle where the interface is pinned at the back of the
channel; this difference can be seen between Fi@y. dnd
1(c); we again found the same results for the same geometric
configuration. To ensure that the syringe pump was not im-
posing the observed velocity fluctuations, we pumped one
data set by gravity siphoning, again with identical results.
The effect of variations in the gap between the plates was
examined for several aspect ratios by overclamping the chan-
nel along the sides, which increases the intrinsic gap varia-

width (\) vs 1B*, which includes film wetting corrections. The tions by a factor of 2.§measured interferometricajtyboth

solid line is the theoretical curve of McLean and Saffnigh The
inset extends the//b=58.4 curve to lower forcing(c) Maximum
width \ ,,a Of the fluctuating finger width observed during evolution
as a function of B*. Data forw/b> 137 collapse roughly onto the
same curve, which follows the McLean-Saffman theory more
closely than the low aspect ratio results. Aspect ratio symlio|s:
58.4 w=7.4 cm; X, 137 w=7.0 cm); >, 158 (w=20.1 cm; *,

214 W=22.6 cm); O, 247 W=25.1 cm); +, 314 W=19.9 cm;

0, 394 NWw=20.0 cm); *, 394 WWw=25.0 cm; A, 490 (w

=24.9 cm.

the finger width fluctuations and the location(af) ,e,i With
respect to B* were unchanged, althougf) values de-
creased by about 4% near the peak.

Though the fluctuation power law we observed remained
unchanged forll experimental variations, we did discover
that measurements on two channels wittb= 394 but dif-
ferent values ofw and b yielded different results. Thée\)
values for both setups departed the common curve at ap-
proximately the same point with decreasindd/ but at
lower 1B* the behavior was different; compare 394394

maximum as the tip velocity is decreased for large aspeowide) with 394N (394 narrow in Fig. 3(b). This difference

ratios [Figs. 3a) and 3b)]. The value of(\) at the peak,

(N)peak: is plotted vsw/b in the inset of Fig. &).
To further compare our work with past results, we mustnecessary to describe the problem for highb and/or low
account for the effects of the film of oil left behind on the Ca. Consistent with this are tHa) data forw/b=247 and

suggests that either the width for a giverib and Ca is not
unique, or perhaps a third parameter, as yet unknown, is
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314, which superpose closely even though they have no gesumber for all aspect ratios studied. We also have found a
metric parameters in common. departure from the classic scaling of finger width versig 1/
It is unlikely that the fluctuations are caused by an instafor large aspect ratiosa/b=250); the average finger width
bility of the film wetting layer because the film is very thin at narrows at low 1B, while the maximum finger width in-
low capillary numbers, where the fluctuations are largestcreases. These phenomena are not predicted by existing vis-
Film wetting fluctuations would also cause deviations in thecous fingering theories even though the phenomena are most
growth rate of the area of the fingers, which we do not obpronounced for parameters that more closely match the the-
serve. We speculate that the fluctuations in finger width mayretical assumptions.
be a consequence of long-time relaxations of the interface at
the back of the channel, observable particularly in Fig).1
We also speculate that the peak({N} observed for decreas- We thank A. Shaji for preliminary investigations, M. P.
ing 1B at large aspect ratios may also occur at small asped@renner, M. Mineev, and S. Tanveer for useful discussions,
ratios, but at values of B/too small to be reached. and J. B. Swift for frequent guidance and advice. This work
In conclusion, we have discovered fluctuations that interwas funded by the Office of Naval Research, the NASA Mi-
mittently narrow evolving single fingers; the magnitude of crogravity Program, and the State of Texas Advanced Tech-
these fluctuations follows a power law with the capillary nology Program.
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